Abstract. Phase-space features of the Wigner flow are examined so to provide a set of continuity equations that describe the flux of quantum information in the phase-space. The reported results suggest that the non-classicality profile of anharmonic (periodic) quantum systems can be consistently obtained in terms of the fluxes of probability, purity and von Neumann entropy. Extensions of the such phase-space quantifiers are also investigated in the context of the so-called Rényi entropy.
Introduction
The formulation of the phase-space dynamics of quantum systems according to the WeylWigner quantum mechanics [1, 2] provides elementary tools to connect the predictive features of quantum mechanics with the investigation of quantum information. As it has been shown, the Weyl-Wigner phase-space formulation [3, 4, 5] can provide a wider understanding of the limits between classical and quantum regimes of physical systems.
The Wigner function, W (q, p), encompasses the information from coordinate and momentum Schrödinger wave function representation of quantum mechanics in a convolutional representation of the wave function described by the Weyl transform of a quantum operator,Q, 
the Weyl transform of a density matrix,ρ = |ψ ψ|, is interpreted as the Fourier transform of the off-diagonal elements ofρ.
In spite of being consistent with the Moyal's picture of quantum mechanics [6] , where the noncommutative nature of canonical operators supports the Moyal star-product definition, the above definition does not yield a real-valued probability distribution, given that it admits local negative values, which is inconsistent with the positive-valued probability interpretation. This provides a quasi-probability interpretation which admits an enhanced phase-space framework and eventually fixes this issue [7] .
Keeping in mind that the Weyl transform and the Wigner function connect quantum observables,Q, with their expectation values, one notices that the trace of the product of the operators,ρ andQ, can be evaluated from the dq dp integral of the product of their Weyl transforms [1, 2] 
which allows for the probability distribution interpretation, with the normalization condition established byρ, T r {q,p} [ρ] = 1. The Weyl-Wigner definitions also admit extensions from pure states to statistical mixtures. In particular, the purity,
is constrained by the conditions of T r {q,p} [ρ 2 ] = T r {q,p} [ρ] = 1 for pure states. In the investigation of classical and quantum regimes of one-dimensional physical systems, the statistical aspects related to the nature of the density matrix quantum operators play a relevant role in the computation of entropy and information quantifiers. Considering these theoretical foundations, a fluid-analog of the phase-space quantum entropy (information) flux in the phase-space can be recovered from the Weyl-Wigner formalism of quantum mechanics [8] . In this contribution, phase-space continuity equations for quantum decoherence, purity and von Neumann entropy are recast in a dimensionless framework in order to be useful for discussing a broad set of Hamiltonian quantum systems. In particular, extensions of such phase-space quantifiers are also investigated in the context of the Rényi entropy definition. The conclusion is that, the set of phase-space continuity equations discussed below emphasizes the relevancy of the Wigner formalism in discussing the flux of quantum information in the phase-space.
Phase-space flow analysis and continuity equations
The dynamics of the Wigner function, W (q, p; t) can be described in terms of a vector flux, J(q, p; t), which represents the flow of W (q, p; t) in the phase-space [4, 9, 10, 11] . In this case, the flow field, J(q, p; t), is decomposed into coordinate and momentum components, J = J+ J, withp =p q , through which one can identify the quantum version of the Liouville equation, that is a continuity equation given by [2, 7, 4, 8] ,
where
1 In general one has
for any product of two operators,Q1 andQ2.
and V (q) is the potential for a non-relativistic quantum system described by the Hamiltonian
Notice from Eq. (8) that the contributions from j ≥ 1 in the series expansion quantify the distortion due to the quantum corrections with respect to the classical Liouvillian phase-space trajectories.
In particular, for the generalized discussion of non-relativistic quantum systems where m is simply a mass scale, generalized results can be obtained when
q and k = (m ωh) −1/2 p, provide the identification of H = (hω) −1 H and
x , where ω −1 is the time scale.
The corresponding dimensionless form of the Wigner function and of the corresponding Wigner current are thus obtained from
which can be recast in the form [14] W(x, k; τ ) = π
where τ = ωt is a dimensionless quantity 2 . From this framework, the phase-space information flux associated to extensions of the above continuity equation can be obtained [12, 8] .
To implement a self-contained procedure for obtaining the continuity equations derived from the fluid-analog properties of the Wigner functions, one notices that locally and globally conservative properties associated to a point in the phase-space, ξ, and to a phase-space volume integral bounded by a comoving closed surface, V = V dx dk, are connected by a convective (or substantial) derivative [4, 8] operator defined by
2 Notice that ϕ(x, τ ) is consistent with the normalization condition given by
and the Eq. (6) can be multiplied by (mh/ω) 1/2 so to yield the dimensionless continuity equation,
where the phase-space coordinate vector, ξ = (x, k), is defined.
with dV ≡ dx dk, and where v ξ corresponds to the classical phase-space vector velocity, v ξ(C) = (k, −∂U /∂x). Assuming that a two-dimensional classical path, C, can be identified, from the definition of v ξ(C) , one sets
which implies into a conservation law, DW/Dτ = 0. In this case, the divergenceless behavior of the classical fluid-analog associated to the Wigner function is expressed by ∇ ξ · v ξ(C) = 0, which defines the Liouvillian behavior. To implement the above properties onto a quantum scenario, one has to notice that J can be cast in the form of product w W, where the now introduced Wigner phase-velocity, w, satisfies the constraint equation given by
that can be used to quantify the departure from the Liouvillian behavior [4, 8] .
For Hamiltonians describing periodic motions (in particular, for those driven by symmetric quantum wells), the parameterization to the two-dimensional volume enclosed by the classical path, C, results into
where σ (C) corresponds to the phase-space volume integrated probability flux. Using the properties of w, after some manipulation involving Eqs. (18)- (19), one obtains
which allows for identifying the role of the quantum corrections given in terms of ∆J = J − v ξ(C) W, which effectively drives the volume variation of σ (C) in terms of a path integral given by
where the unitary vector n is defined by n = (−dk C /dτ, dx C /dτ )|v ξ(C) | −1 and n · v ξ(C) = 0 has been used in the last step. One thus has a parametric integral given by
where, in the first step, the line element, ℓ, is set as dℓ ≡ |v ξ(C) |dτ , and, in the second step, one has x C (τ ) and k C (τ ) as typical solutions of the classical Hamiltonian problem. In addition, T = 2π is the dimensionless period of the classical motion, and ∆J p (x, p; τ ) is identified by the series expansion from Eq. (8) for ν ≥ 1. The above result straightforwardly quantifies the loss of information related to quantum decoherence. The same analysis can be applied to the informational content related to the Wigner associated von Neumann entropy and purity expressed respectively by [8] 
and
In these cases, some suitable mathematical manipulations involving Eq. (20) 3 result into
and 1 2π
for von Neumann entropy and purity, respectively, where . . . = T r {x,k} [ρ(. . .)] and, in both cases, it has been used that
Notice that the surface terms have been consistently suppressed in the limit where V → ∞, which leads to the results from Refs. [8, 14] . However, when a classical surface, C, encloses a finite phase-space volume, V C , the surface term must be taken into account. In fact, given the definitions from Eqs. (13)- (15), it is possible to verify that ∇ ξ · w is proportional to
and for parity symmetric potentials, U (x) = U (−x) which lead to periodic anharmonic motions, the above obtained averaged terms vanish. Therefore, the obtained continuity equations can be recast in the form of [8, 14] 
for von Neumann entropy and purity, respectively, through which one can quantify the role of quantum fluctuations driven by the contributions from ∆J · n ≡ J · n 4 . Of course, as emphasized, the integrals from Eqs. (23), (29) and (33) vanish in the classical limit, i.e. for J ∼ v ξ(C) W. Therefore the obtained results work as an optimized quantifier of non-classicality for a pletora of Wigner functions.
Rényi entropy continuity equation
The Rényi entropy, R β , generalizes the Hartley entropy, the Shannon entropy, the collision entropy and the minimal entropy [13] . Once contextualized in the phase-space formulation, it can be written as
where the index β is introduced to denote an estimative of the fractal dimension. By following the same derivative structure reported in the previous section, one could notice that
and that
which is consistent with the previously obtained continuity equations.
Conclusions
In this work, it has been shown that the Weyl transform quantum states lead to phase-space continuity equations which allow for evaluating departures from Liouvillian properties of Wigner currents and fluxes. The results provide the tools for discussing quantumness and classicality in terms of phase-space quantum decoherence, purity and von Neumann entropy fluxes, in the context of (an)harmonic periodic quantum systems. The informational content analysis was extended in order to provide an equivalent formulation for the phase-space Rényi entropy, in terms of an additional continuity equation. Our results suggest that the Wigner flow framework can be universally applied to distinguish how quantum and classical regimes are quantitatively distinguished from each other [8, 12, 14] .
